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An integration scheme for two-dimensional, time-dependent, inviscid Euler equations extends the concept of
Riemann variables whose efficiency is acknowledged for one-dimensional, transonic flow problems to two-
dimensional problems. The Riemann variables are obtained from a vector combination of velocity and sound
speed. Space derivatives are approximated by two-point differences. Each term contributing to updatings is
assigned its own domain of dependence. The technique is very accurate and simplifies the treatment of boundary

conditions. Numerous examples are given and discussed.

Introduction

N recent years, strong emphasis has been put on the con-

cept of characteristics in creating integration schemes for
Euler equations and, occasionally, Navier-Stokes equations.
Some of the schemes are based on the equations of motion in
conservation form!* and some are based on nonconservative
forms.>® The latter have been applied successfully to two-
dimensional, time-dependent flows and three-dimensional,
steady, supersonic flows.”® Nevertheless, we consider it
proper to recast them in a different form in order to give them
a stronger theoretical background, increase their accuracy,
simplify the calculation at boundary points, and provide a
more efficient extension to flows with imbedded shocks.

For the first goal we will use the concept of Riemann
variables as first proposed in Ref. 10 and later used in Ref. 11.
In these papers, the extension is limited to isentropic flows;
the restriction, however, can be lifted easily. We will maintain
it in the present paper for the sake of simplicity.

As far as efficiency, accuracy, and simplicity of coding are
concerned, we may note that in all works reported in Refs. 5
and 8-11, two-level schemes were used; at one of the levels
one-sided derivatives were approximated by a three-point
operator. In Ref. 6, however, second-order accuracy (in-
cluding nonlinear effects) was reached using two-point
operators at both levels. We considered the scheme very
appealing for two reasons: the code is more symmetric and
concise, and it decreases the labor at boundary points (when
three-point operators are used, not only the boundary points,
but the row of points next to the boundary must be treated in
a special way, as shown, for example, in Ref. 11).

It has been pointed out'? that, for one-dimensional
problems, a slight modification of the Chinese scheme could
improve its accuracy further, and make the code even more
symmetric. The aim of the present paper is to show that a
similar approach can be used in two-dimensional time-
dependent problems.
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One-Dimensional Problems

The genesis and meaning of the two-dimensional code are
understood better after studying the one-dimensional ap-
proach in detail. Because of space limitations, the reader is
referred to the first nine pages of Ref. 13. The definitions of
the terms denoted by f; in Egs. (12), their use in the equations
of motion [Egs. (13)], and their manipulation in the two-
level scheme [Eqs. (14-23)], are the necessary background for
the two-dimensional extension. In particular, it has to be
noted that in both stages the indices j and m, which specify the
domains of dependence of f; in Egs. (19) and (23), are defined
separately and independently for each f;.

The important feature of the method is that quantities such
as the speed of sound a and the velocity # which do not have a
one-sided domain of dependence, such as the Riemann
variables R; and R,, can be updated with an unequivocal
choice of building elements, f;, both at the predictor and
corrector levels.

As far as boundary points are concerned, enforcement of
the boundary conditions is straightforward and is briefly
discussed in Ref. 13 (pp. 28 and 29). More on the philosophy
of boundary point calculation can be found in Ref. 14.

Two-Dimensional Problems

In dealing with two-dimensional problems, a straight-
forward unambiguous definition of characteristics is no
longer possible. We will attempt a definition of new variables
to generalize the application of the concept of characteristics.
Let the physical plane be defined by Cartesian coordinates x
and y. Let n be a unit vector, generally variable in space,
which forms an angle o, with a fixed direction. Let & be a unit
vector normal to the x,y plane, and 7=k x n. Therefore, for
any derivative,

n' =o,t
Let g be the velocity vector and w any vector, a the speed of

sound, v the ratio of specific heats, and 6=(y~—1)/2. The
following vector identities are proven easily,

V-q=n-V-@)+7- V(T -@)+kXq- Vo, )

wq-V)g=q-V(w-q)—q-[(g- VIw] 2
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(q-Vn=1q-Veay), (q-V)r=—n(q-Va,) 3

We will limit the present study to the case of isentropic flows.
Thus, the Euler equations can be written in the form

(a,/8)+q-V(a/é) +av - -g=0

q:+(q-V)g+av (a/d) =0 @

If the second equation is dot-multiplied by a unit vector, w,
and added to the first, a single equation is obtained:

(@,/8) +w-q,+q-V (a/d) +w-(q-V)q
+alw-V(a/d)+V-ql=0 5)
which, using Eqgs. (1) and (2), can be written in the form:

(a,/8) +w-q,+q-V[(a/8) +w-ql+aw-V (a/d)
+an-Vn-qy+ar-v(r-q)

—q-[(g-VI)wl+akxq-Va,=0 ©)

In the spirit of Refs. 10 and 11, four equations are obtained
by letting w=n,—n, 7, and -7 successively. Using the
notation ’

p;=(a/d)+n-q, A;=qg+an
p2=(a/é)—n-q, Ay=q—an
p3=(a/é)+1-q, A;=qg+ar
py=(asd)—1-q, Aj=q-—ar
B=gq-Vay, F=akxq-Va, @)

the equations are

(a,/6)+n-q,+A;-Vp,+ar-V(r-q)—Bq-7+F=0
(a,/8) —n-q,+A,-Vp,+ar-V(r-q)+Bq-7+F=0
(a,/8) +71-q,+A;-Vps+an-V(n-q) +B8g-n+F=0

(a,/8) —7-q,+AN, Vo, +an-V(n-q)—Bq-n+F=0 ®)

By adding the four equations, we obtain

(4/6)Ya,+XA,-Vp,+2a[r-V(r:q+n-V(n-q) ] +4F=0

or, if Eq. (1) is used,
(4/8)a,+ZA,-Vp,;+2aV -q+2F=0

Finally, the equation is simplified, taking the first of Eqs. (4)
into account.

(2/8)a,+ITA,-Vp,— (2/8)q-Va+2F=0 ©)
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By subtracting the second of Egs. (8) from the first, we obtain
2n-q,+A;-Vp,—A,-Vp,—26g-7=0 (10)

and, similarly, by subtracting the fourth of Egs. (8) from the
third,

2T'q,+A3'Vp3—A4'Vp4+2,3q'n=0 (11)

We will use Eqgs. (9-11) as our basic equations of motion.

Different scalar equations are obtained from Egs. (9-11)
according to the choice of frame of reference and the vector
n(x,y). We will work out some examples explicitly and, for
each of them, we will make appropriate choices. )

At this point, however, it should be noted that the
procedure described above restates, with some formal dif-
ferences, the one introduced in Ref. 10, Egs. (6-9). The
restriction imposed to n in the rest of Ref. 10 is lifted here,
since we want to examine whether a proper choice of n could
increase accuracy. Regions where such a choice may be
critical are boundary and shock neighborhoods. Here we limit
ourselves to the former. :

Subsonic Source

The exact solution for the subsonic “‘source’’ flow (that is,
a steady subsonic flow with streamlines emanating from a
single point, and all variables functions of the distance from
that point alone) is

(1+5M2)(7+1)/2(7_” =Mr a2)

where the radial coordinate r can be scaled so that, at r=1,
the Mach number M has a given ““inflow’” value, M,,.

We have computed the flow in a straight-walled divergent
duct, with a semiaperture equal to €, as in Ref. 15, imposing
initial and boundary conditions from which the subsonic
source flow with a prescribed value of M, should result as an
asymptotic steady state. The computation in the duct is
limited to a portion comprised between x=1 and x=2 and a
stretched Cartesian. grid is used (Fig. 1). The computational
variables X and Y are defined by S

X=x, Y=y/oyx, 0,=tane (13)
The computational boundaries are thus defined by Y=0,1
(rigid walls) and X'=1,2 (subsonic inflow and outflow ar-
tificial boundaries). We impose that the total temperature is
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Fig.1 Computational grid.
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constant at the inflow boundary and we prescribe the speed of
sound at the outflow boundary consistent with a steady state
having M=M, at r=1. We also prescribe that the inflow
velocity is, at all inflow boundary points, directed radially.

As a consequence of the normalization of the y coordinate,
defined by Egs. (13), the x and y derivatives in Egs. (9-11)
must be replaced by

a—a+Ya a—Ya (14)
ox dx oYy’ 9y Yay
In the present case, ¥, = —Y/x, Y, = 1/(0,X).

To simplify the notation let U and V be the Cartesian
velocity components, ¢ = cosa,, § = siney, and

u=Uc+ Vs, v=-—Us+Vc (15)

We stipulate that oy may be a function of x and y, but not a
function of . After some tedious but obvious manipulations,
Eqgs. (9-11) can be recast in the form

a, = (/Y (f1 +2f,+ 3+ S+ S5 +fs

+2f7 +fs+fo+S10+S11) (16)
u=%r—=rfi+fs—fs+/12) 17)
v=Y(fs—fstfo—Frot/i3) (18)

where

R;=a/d+u, R,=-a/é, Ry=a/b—u

Ry=a/b+v, Rs=a/é—v 19

N=U+tac, \,=U Ny=U—ac, \,=U—as, \;=U+as

A= (V+as) Y, + N, Yy, N, = VY, +\, Y,

N=(V—as)Y, +N\; Y,

A= (V+ac) Y, + MY, Ng=(V—ac) Y, + Y, (20)

Fig.2 Domains of dependence.
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Ji=—=NRix, fi=—NRyy (i=15j=i+35) (21)

Ji==2al(UY, - VY,) gy~ Veoyx]

Ji2=2v(Nagy + Uagy), f13= —u (A 0py + Uagy) (22)

We have experimented with two choices of «,.

First Choice

First, we choose «, =0. The calculation is highly simplified
since c=1, s=0, u=U, v=V, Ny=Ns=\,, f1,=f1.=/13=0,
and f,+fs5+2f,=0. Consequently, Eqs. (16-18) can be
written in a simpler form as

a,=(8/2)(f + /3 + s+ 217+ s +So+S10)
u =% —f+fs—fs)
v,=Y%(fs—fs+fo=F10) (23)

In Fig. 2 we show an interior point to be computed, and the
trace of the pertinent Mach cone and the four bicharacteristics
which must be used according to the choice of «,. They have
been numbered consistently with the definition of R; above.
The derivatives appearing in terms f; and f; must be ap-
proximated by differences taken between the point to be
computed and another point, belonging to the domain of
dependence defined by the pertinent A,. In Fig. 3 we have
indicated such points for the situation depicted in Fig. 2. The
updating of interior points will be accomplished following the
same guidelines as in the one-dimensional case. Having
separated the contributions to a,, u,, and v, into terms whose
domains of dependence are defined unequivocally, the points
from which the value of each ff; must be chosen at the
corrector level are also found without ambiguities.

All calculations necessary for a proper enforcement of
boundary conditions are performed at the end of both
predictor and corrector levels just before updating a, u, and v.
All boundary points are actually computed using the same
routine as for interior points but, before updating, all f; that

Lo

/f6,£1o

1 f1 s f+-f5 f7lfel£9

Fig.3 Domains of dependence.
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depend on exterior information are re-evaluated making use
of the boundary conditions.

At the inflow boundary, it appears from Fig. 3 that f;, £,
and f; must be re-evaluated, In reality, however, only f; and
fs+—f5 are needed. Since v is obtained directly from u, as we
will see below, one can skip the calculation of v,. The value of
f+—fs is needed at the corrector level to compute v, along the
line next to the boundary. As was stated above, we choose to
prescribe the direction of the velocity vector; at each inflow
boundary point, we assume that

v=ou where o=y (24)

We also prescribe that the total temperature (and, con-
sequently, the stagnation speed of sound) remain constant.
Since the stagnation speed of sound « is given by

@l =a? +ou? (1+4%) 25
the second boundary condition follows
a,=—8(1+d%) (u/a)u, (26)

If the first and second of Eqs. (23) are substituted into Eq.
(26), f; can be obtained using information obtained along the
boundary or from the interior of the computational region.
Subsequently, f,—fs can be obtained by substituting the
second and third of Egs. (23) into Eq. (24) differentiated in
time. : .

At the outflow boundary only f; must be re-evaluated, and
this can be done by prescribing a, and using the first of Eqs.
(23). At the lower boundary, which is a symmetry line, V=0
and Y, =0. Therefore, As, N;, and A, all vanish, as well as £,
J7, and fg; fy is the only term to be re-evaluated, but clearly
JSo =/ since both equal —a¥,v,.

The upper boundary, in this case, requires more careful

consideration. It is evident, indeed, that our current choice of -

o is poorly suited for a straightforward treatment of such a
boundary. We note that we dispose of only one boundary
condition (the vanishing of the normal component of the
velocity) but we have two terms to re-evaluate: f,; and f,.
Since we want to abide by the rule that no arbitrary elements
should be introduced into the numerical treatment of the
boundaries (that is, no manipulations should be performed at
boundary points which are not physically justified; see Ref.
14), we must find an additional equation, valid at the upper
boundary, which is a necessary consequence of the equations
of motion. Such an equation is, indeed, easy to find. The
upper boundary is a particle path. Along a particle path the
following momentum equation is valid:

q+qqx+(a/d)ax=0 27)

Note that here X is consistent with the definition of X given
above. Clearly, Eq. (27) does not make use of any in-
formation other than from the boundary itself. If we take into
account that along the boundary v = o,u and define »¥’ =1 + o3
we see that vg=u+ o,v. Consequently,

vq, = % Ui —Sfs+Sfs—Ss+ oo (fi—Ss+Fo=Ffi) ]

Comparison of this equation with Eq. (27) shows that

Js—Ss+a,(fo—f10) =0 (28)
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_identically. The boundary condition differentiated in time

yields
v, =0pu, 29)

Making use of the second and third of Egs. (23), we obtain

Je—JstSo—Fro=00(f1 =f5+fs—13) (30)

Now, Egs. (28) and (30) are the necessary and sufficient
equations to determine fs; and f;,, and they are physically
correct.

Numerical experiments were made with different values of
€, My, and different mesh refinements. In addition, two sets
of initial conditions were used. In the first, the duct contains a
gas at rest, and a diaphragm is suddenly broken at the outflow
section letting the gas in the duct communicate with an in-
finite cavity at a lower pressure. In the second, the initial
conditions are the exact steady source flow. In the latter case,
we cannot expect the numerical steady solution to coincide
with the analytical solution to within any number of
significant digits. Therefore, as the computation is started,
small perturbations appear and grow until a steady state is
reached, compatible with the truncation errors of the scheme
and the fineness of the mesh.

Here we report typical evolutions of errors in u at two
points on the inflow boundary (Fig. 4) when the initial

.892 205

e
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Fig. 4 Computational errors.

Fig. S Level lines for errors in M, 10 X 10 mesh.
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Fig. 6 Level lines for errors in Ty, 10 X 10 mesh.

Fig. 7 Levellines for errors in v/u, 10 X 10 mesh.
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L

Fig. 8 Level lines for errors in M, 30 X 20 mesh.
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Fig.9 Level lines for errors in 7', 30 x 20 mesh.

Fig. 10 Level lines for errors in v/u, 30 X 20 mesh.

conditions are given by the exact analytical solution, e=30

deg and M, =0.5. The computational mesh has 10 intervals in
each direction. One can see that the errors reach a steady
value in a stable way. The same values are reached if the
computation is started from a state of rest. This is true for all
the combinations of parameters tested so far. Therefore, the
errors in the steady-state configurations depend on the
fineness of the mesh, but not on the initial values.
Distributions of errors in M, T, and v/u after the steady
state is reached are also shown in Figs. 5-7, respectively.

Similar results are presented in Figs. 8-10 for a calculation
which differs from the previous one only in the fineness of the
mesh. In this case, there are 30 intervals in the x direction and
20 intervals in the y direction. Clearly, the accuracy of the
calculation has improved.

In two-dimensional problems, where the mesh can be
refined in two directions separately, it is not easy to see how
accuracy improves with mesh refinements. An example of
parametric analysis of mesh-accuracy relationship is shown in
Fig. 11, where level lines of the logarithm (base 10) of the
mean square error in @ over the entire computational region
are plotted vs the number of intervals in the x and y directions
(abscissas and ordinates, respectively). It is evident that
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Fig. 11 Logarithms of errors as functions of the mesh.
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Fig. 12 Domains of dependence.

refinement in one direction only is not efficient (at times, it
can even lower the overall accuracy).

Second Choice
Now we choose o = arctan (o, Y). The X derivative of o, is
still equal to zero, but the Y derivative is

ay=0,/(1+0d5Y?)
We also have,
c=(1+0d3Y?) %, s=o,Yc

The situation described by Figs. 2 and 3 is now modified as
shown in Figs. 12 and 13. Equations (16-18) now must be
used.

At the symmetry boundary, Y=0, Y, =0, oy =0, apy =0y,
C=1,S=0, V=0,ay=0, UYZO,L{:U, v=0, )\43)\52)\2)
Ne=N;=N\g=0, N=aY, No=—Ng, [fe=Sfs=~fr, [fs=
J7=fs=0, f1,=f;3 =0. According to Fig. 13 only f;, must be
re-evaluated, and the boundary condition is again f, = f},.

At the upper boundary, the current choice of «, makes
enforcement of the boundary condition much easier than in
the previous choice. From Fig. 13, indeed, we see that f,, only
has to be re-evaluated. Since s=o,c, V=o0,U, v=0,
)\6:)\7=)\8 =0, Ng=a/sx, Ny=—Ng, Js=Fr=Fs=0, f;,=
—2U/x, f;,=f;3=0, the boundary condition v, =0 directly

N\

fé :f1o

\

N\

15,1,

90

£1,% |

\

7/

Fig. 13 Domains of dependence.
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Fig. 14 Level lines for errors in M, 10 X 10 mesh.

@10

Fig. 15 Level lines for errorsin T, 10 X 10 mesh.
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Fig. 16 Level lines for errors in v/u, 10 X 10 mesh.

b
Y
Fb‘b

Fig. 17 Level lines for errors in M, 30 X 20 mesh.

yields
J=Sfot+fi—1s (31

Such a simple result is due to the fact that two of the
bicharacteristics are along the boundary and two are or-
thogonal to it.

At the inflow boundary, instead, the bicharacteristic system
is oblique to the boundary, and we may anticipate some
difficulty. The unknown quantities are now f,—f5, fi+fs
—2f,, and f;. Since f, and f; are not needed separately, f,
can be computed from the interior, and f; obtained from the
condition expressing the vanishing of v,. The guiding vane
model is compatible with the assumption that v, =0 outside
the boundary. Then, we can postulate that 2f, + f,+f; =0 on
the boundary, and get f,. Finally, Eq. (26) allows f; to be
determined.

At the outflow boundary, instead, the condition @, =0
yields directly,

Ss=—= Ui+ 26+ S+ s+ [+ 25+ s S+ S0+ 1)

The plots presented in Figs. 14-16 and 17-19 parallel the
ones shown in Figs. 5-7 and 8-10, respectively. Similar
considerations can be made. In the present cases, the overall
accuracy is slightly worse than in the previous ones. The
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Fig. 18 Level lines for errors in 7, 30 X 20 mesh.

Fig. 19 Level lines for errors in v/u, 30 X 20 mesh.

errors seem to emanate from the inflow boundary; this is,
indeed, the most difficult boundary to evaluate. It is in-
teresting to note, however, that the errors seem to spread out
in roughly concentric waves. This seems to indicate that the
present choice of o, properly reflects the real one-dimensional
nature of the problem.

Conclusions

We have also studied in detail three other problems. The
first is the subsonic vortex, which we have analyzed in a
stretched Cartesian mesh, assuming «,=0. This is a par-
ticularly exacting problem due to the presence of sharp
corners at the inflow and outflow boundaries. The second is
the Ringleb flow, which is almost one-dimensional if a
stretched polar mesh is used,'® but becomes substantially
more difficult if a stretched Cartesian mesh is used. The
advantage of the Ringleb flow is that, as the two previous
examples, it provides an exact solution for comparison and
evaluation of accuracy. The third is the subsonic flow around
a circle, computed in an unstretched (and, therefore, or-
thogonal) polar frame. The calculation is performed within a
ring. Since reliable numerical solutions to this problem exist,
the relationship between accuracy and size of the com-
putational ring can be analyzed. In this case, one important
feature to be pointed out is that the total temperaturc remains
constant throughout the computed region when a steady state
is achieved, despite the coarseness of the mesh. The large
amount of material justifies the issue of a separate paper on
the subject.
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In conclusion, we wish to point out that the arbitrariness in
the choice of «; is, in reality, weaker than the arbitrariness
intrinsic to all schemes for the solution of two-dimensional
time-dependent problems based on approximate factori-
zation. The latter, indeed, split the equations according to the
coordinate directions; the integration scheme is thus con-
trolled by the mesh but not related directly to any physical
property. In the present scheme, instead, the freedom in the
choice of o (which is not necessarily a constant throughout)
can be used to make the numerical procedure more consistent
with the physical structure of the flow. We have seen above
how a simple choice of «, can help improve the treatment of
boundary conditions. The most important application of the
method, however, seems to come about in the treatment of
flows with imbedded shocks. The direction normal to the
shock at every point is a preferential direction. Along the
normal, indeed, the treatment of the shock is strictly one-
dimensional; therefore, it is easy and extremely accurate.!? In
a forthcoming paper, we will show how the use of the present
technique will allow a simple one-dimensional treatment of
the shock to be used, by orienting the vector z in the direction
of the normal to the shock, without having to introduce a
shock-oriented grid.
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